Introduction
/ Although global measures of ventricular function such as blood pressure, its derivatives with respect to time and ventricular volume, and ejection fractions have been useful for assessing total cardiac performance, an understanding of regional ventricular function requires accurate estimates of myocardial stresses and strains, and hence the material properties of intact myocardium. There are many reasons for studying the mechanics of the intact myocardium: (1) ventricular wall stress is a primary determinant of myocardial oxygen consumption [1] and coronary blood flow [2] ; (2) accurate distributions of ventricular stress and strain are required to interpret the localized contractile disorders caused by myocardial ischemia [3, 4] and infarct [5, 6] ; (3) changes in wall stress may influence growth and hypertrophy of intact cardiac muscle [7, 8] ; (4) understanding the microanatomical and ul- trastructural basis of cardiac function requires knowledge of the material properties of intact myocardium in health and disease [9] .
The most significant problem in modeling the mechanics of the passive left ventricle is the absence of a three-dimensional constitutive equation for stress in the passive myocardium. Because isolated papillary muscle and trabeculae preparations only permit one-dimensional stress-strain measurements, investigators have begun performing biaxial tests using isolated sheets of ventricular myocardium [10] . However, there are potential difficulties with these measurements largely associated with contracture and the unknown effects of resecting sections of ventricular wall. Although Yin and co-workers [10] have concluded from biaxial measurements in isolated left ventricular myocardium that passive cardiac muscle is anisotropic, their findings were too variable to establish whetherunder the loading conditions present in the intact ventricular wall-the muscle is stiffer in the fiber or cross-fiber direction. Nevertheless, biaxial testing does confirm that passive myocardium exhibits the exponential stress-strain relationship, an- isotropy, and strain-rate-independent hysteresis characteristic of soft biological tissues [11] . However, the main problem with existing experimental tests of isolated tissues is uncertainty about how well they describe the properties of the intact ventricular muscle.
Therefore, in this paper we propose a model that provides an approach to quantifying the material properties of intact myocardium that complements biaxial testing. A thick-walled cylindrical geometry is used to represent the equatorial region of the passive left ventricle. Based on the results of uniaxial and biaxial tests in isolated cardiac muscle [10, 11] , the myocardium is assumed to be a transversely isotropic material with preferred directions that vary transmurally. Changes in these axes of material symmetry are chosen to correspond with fiber orientations that have been observed to vary continuously across the wall thickness in the dog and other mammals. The myocardium is modeled as a homogeneous hyperelastic material that is incompressible.The stress-free state of the left ventricle is assumed to be a warped cylindrical arc based on experimental measurements of the stress-free shape of the potassium-arrested rat heart [12] due to the absence of these data for the dog. To model the effects of passive pressure loading, finite deformations are prescribed that give rise to epicardial strains measured previously at the midanterior free wall of the isolated arrested canine heart [13] .
Concomitant with the prescribed deformations, which include inflation, stretch and torsion of the cylinder, resultant forces and moments exist [14] [15] [16] [17] with magnitudes depending on the chosen material parameters. The only applied force in the isolated heart is the pressure in the left ventricular cavity. Thus, to determine the material properties of the intact myocardium, the parameters of the constitutive law are optimized while the model is constrained both to satisfy the known stress boundary conditions and to undergo the experimentally measured displacements. In addition, the significance of the model assumptions are examined by altering, independently, the parameters that describe the kinematics, fiber orientations and material properties of the model. The results of the analysis may provide more realistic estimates of myocardial material properties and the transmural distributions of stresses and strains.
Methods
Using the theory of large elastic deformations, a general type of axisymmetric deformation was applied to a cylindrical body to model the transmural finite strain distribution in an equatorial region of the passive left ventricular free wall. The general form of the cylinder problem in finite elasticity was given by Adkins [18] , who solved the equilibrium equations for several special cases in which the coordinates that defined the curvilinear aeolotropy of the material coincided with the reference cylindrical polar coordinates. Here, we consider the case in which the material is aeolotropic with respect to a fiber axis field where the fiber angle varies linearly through the wall. Nonlinear elastic material properties were defined by an exponential strain-energy function of Lagrangian strain components referred to a locally orthonormal coordinate system with one axis aligned with the muscle fibers. To clarify the role of residual stress and strain, displacements are prescribed in two steps [19] . First, the cylindrical arc is deformed from the stress-free state to the intact unloaded configuration. Then, displacements are prescribed to model the deformation of the cylinder during passive loading.
Kinematics. The geometry of the left ventricle in the unloaded and loaded states was approximated by a thick-walled, circular cylindrical tube (Fig. 1) . Rather than assuming that the left ventricle is stress-free in the unloaded (zero transmural pressure) configuration, it is assumed that residual stress is relieved by making a single radial cut in the unloaded ventricular wall so that a circumferential ring of the left ventricle springs open into a cylindrical arc as observed by Omens and Fung [12] . In general, the circumferential ring may not remain planar after the radial cut, and its axial thickness may change. Therefore, a sector of a hollow cylinder (Fig. 2 ) that may be stretched and 'warped' to form part of a left-handed helix defined the stress-free body. To determine the 'residual' strain in the unloaded state, this sector was deformed back into a closed tube. In addition to circumferential and longitudinal extensions, torsional shears have been observed in the passive heart [13] . Although they have not yet been measured experimentally in the passive heart, transverse shears also exist in the beating heart [20] . Hence, a cylindrically symmetric deformation (inflation, stretch, torsion, azimuthal and axial shear) was prescribed then to simulate the effects of passive pressure loading [17, 18] .
First, consider a warped sector of a cylinder of length Z2 that is bounded in the cylindrical polar reference coordinate system (R, Q, Z) by curved surfaces R = R[ and R = R2 and the planes 9 = 0 and 9 = 92. The slope of the partial helix is -y}. The following displacements deform this sector into a simple cylindrical tube:
(i) a uniform simple warping shear in which planes perpendicular to the circumference of the initially warped sector are displaced axially so that the warping is removed and the sector is bounded by the planes Z = 0 and Z = Z2;
(ii) a uniform circumferential flexion sufficient to make the cut edges meet. The circumferential extension ratio a is related to 92 by a1 = 2ir/92; (iii) a corresponding uniform radial deflation of the tube in which the deformed internal and external radii become p\d p2 (iv) a simple extension of extension ratio e\, parallel to the axis of the cylinder, so that its length becomes t\Z2.
The unloaded, but not stress-free, body is bounded by the coordinate surfacesp\2, 0<(f<2ir, andO<f<f2, where (p,<P,£) are cylindrical polar coordinates and the deformation is given by Adkins [18] = p(R), v; = a19, and f=
(la)
Then the unloaded configuration is subjected to the following deformations to simulate passive filling:
(i) a uniform radial inflation of the tube in which the deformed internal and external radii become r{ and r2, respectively;
(ii) a uniform simple torsion in which planes perpendicular to the axis of the tube are rotated about that axis through an angle proportional to the undeformed axial coordinate, the constant of proportionality being fo (iii) a simple extension of extension ratio 1 2, parallel to the axis of the cylinder, so that its length becomes eZ2, where f = f|C2l , (iv) an azimuthal shear of the tube, in which each point moves about the longitudinal axis through an angle <t>, which is a function only of the radius at the point; (v) an axial shear of the tube, in which each point moves parallel to the axis of the tube through a distance u, which is a function of the radius alone.
The loaded body is bounded by the coordinate surfaces ri < r < r-i, 0 < 8 < 2ir, and 0 < z < Z2, where (r,8,z) are cylindrical polar coordinates and the deformation from the unloaded configuration to the loaded state is given by r=r(p), 0 = 0(p)+v + ft>f, and Z = CJ(P) +e2f.
(Ib)
From equation (la), the deformation gradient tensor Ft is obtained with the following matrix of components in cylindrical polar coordinates (see Spencer [21] , p. 158):
F,= dp dtp dp az dtp 1 dp 
where a = yi, 0 = 02fi and 7 = 7ie2. The constants a and e are the extension ratios in the circumferential and axial directions, respectively. The constant 0 is the twist per unit undeformed length, and 7 is the axial displacement per radian undeformed circumference. <f > and QJ are angular and axial displacements, respectively, which are functions of R alone. The functions r(R), <t>(R), and u(R) depend on the material properties of the model. The deformed radius r(R) is determined by the kinematic incompressibility constraint. The circumferential and axial equations of equilibrium must be solved to find d<j>/dr and dw/dR.
From the kinematic incompressibility constraint that the third principal invariant of strain 73 is unity, one has dr R =lor-= -• (3) dR \r in which \ ae-$y. Integrating equation (3) gives
The Lagrangian Green's strain tensor E is defined by
where / is the identity tensor. Hence from equations (2), (3), and (5), the components of E, with respect to cylindrical polar coordinates, are:
Stress-Strain Relations. Passive myocardium was modeled as a homogeneous incompressible hyperelastic material possessing curvilinear aeolotropy with respect to the local muscle fiber axis. The assumption of incompressibility has been found to be justified for unperfused myocardium [22] . The helical fibrous structure of the left ventricle was represented by a system of curvilinear material coordinates (XR, XF, Xc) which were orthogonal in the stress-free state. The fiber axis XF lies in the plane of the wall normal to the radial axis. Xc is the cross-fiber in-plane axis, and XR coincides with R. The fiber angle ¥, which was referred to the circumferential direction, was constant in the axial and circumferential directions, and its transmural variation was continuous and linear where *i and *2 are the endocardial and epicardial fiber angles, respectively.
The components ELM of the strain tensor (equation (6)) in cylindrical polar coordinates (R, Q, Z) were transformed to fiber coordinates (XR, XF, Xc) by a rotation matrix Q which rotates a vector in the plane of the wall (R = constant) through the angle *(/?) about the radial axis. Hence, the matrix E of strain components referred to fiber coordinates is given by A unit vector n in the direction of the deformed fibers is related to the unit vector N in the direction of the undeformed fibers by the equation (see Spencer [21] 
where X/v is the fiber extension ratio. Denoting by ^ the deformed fiber angle, which is only a function of the deformed radial coordinate r, the components of n and A' are Using equations (2), (14), and (15), one may write cosy!<(r) X* and therefore,
Choung and Fung [23] have proposed the following form of strain-energy function to describe the three-dimensional mechanical properties of arteries assuming orthotropic material symmetry:
where Q is a quadratic function of the three principal strain components. Using the material symmetry relations given by Green and Adkins [24, p . 25], we chose the following new form for Q to describe the special case of three-dimensional transverse isotropy with respect to the fiber coordinate system:
+ b2E2FF+b}
where C and 6, to />4 are absolute constants which are independent of deformation and position in the body. The material constant C simply scales the stresses; however, certain combinations of the coefficients in the exponent Q allow the model
Journal of Biomechanical Engineering
By analogy with equation (8), the matrix T of components of the Cauchy stress tensor in cylindrical polaj^coordinates are transformed to fiber coordinate components T by the rotation matrix q (see Appendix 1): 
where T^\ and Tr.\ are the shear stresses acting on the inner surface in the circumferential( and axial directions, respectively. Since Trr-Tee is independent of the Lagrange multiplier p (equation (12)), integrating equation (19a) gives
where Trr\ is the radial stress r=r2. The internal pressure P is equal to -Trr at r = r\ The Lagrange multiplier p is determined from equation (12) . The resultant axial force acting in the z-direction on the plane 7. = constant is (22) However, we treat the cylinder as if it is closed at the ends so that the pressure P acting on the curved inside surface of the model left ventricle also acts on the plane ends to contribute an axial force resultant equal to Pirr}. Hence, the net axial force is (23) or, substituting equations (12) and (21) into (22) in which the integrand is independent of p. Similarly, the resultant torsional moment about the z-axis of the shear forces on this surface is
Numerical Techniques. The integrals in equations (21), (23) and (24) were evaluated by an adaptive routine (NAG Subroutine D01AJF [25]), using the Gauss 10-point and Kronrod 21-point rules. At each quadrature point, the circumferential and axial equations of equilibrium (equation (20)) could be solved simultaneously for the function 3<f>/dR and du/dR using a modification of the Powell hybrid method (NAG Subroutine C05NBF [25] ). The accuracy of solutions was confirmed for special cases of materials possessing curvilinear aeolotropy against known analytical solutions [24] .
Results
Kinematic Parameters. The prescribed kinematic parameters were determined from experimentally measured deformations in isolated potassium-arrested rat and dog heart preparations. First, the inflation, stretch and twist of the cylinder, defined by rlt 0 and e2, respectively, were prescribed to match two-dimensional epicardial strains measured by McCulloch and coworkers [13] in the passive canine heart during static left ventricular loading. From the measured displacements of three epicardial markers 10-20 mm apart on the anterior free wall of six hearts, they computed mean major and minor principal stretches and associated principal directions at left ventricular cavity volumes of 115, 130, 145, 160, and 175 percent of the volume at zero transmural pressure. Here, these data are converted into the equivalent epicardial strains EBe, EZZ> and £ez> ar>d solved for the geometric and kinematic parameters @R2, £2. and r{/R2 using equations (6/>), (6c), and (6e) and the incompressibility constraint (equation (4)). Because these strains had been measured in the intact left ventricle and referred to the zero-pressure state, the residual strain parameters were a= 1, e\ 1 and 7 = 0 for the purpose of finding £SR2, t2 and r{/R2, and we interpret r and R here as the radii of the ventricle in the loaded and zero-pressure (but not stress-free) states, respectively:
Since the stress solutions are dependent only on the strains and material parameters, the numerical value of R2 is entirely arbitrary. Assuming that volume changes in the cylinder and the left ventricle were comparable, the ratio R\/R2 of the model in the zero-pressure state was determined by considering the relative cavity volume v/V, where v is the deformed volume and V is the volume at zero left ventricular pressure:
From the kinematic incompressibility constraint (equation (4)) and equation (6b) for circumferential strain at R = R2, one may write a linear relationship between the epicardial circumferential strain and the relative cavity volume:
Using the measured mean epicardial circumferential strains and calculated extension ratios e, the constant R\/R2 was corn- Transactions of the ASME puted that yielded the best fit to the reported volumes. Therefore, the kinematic parameters of the model have been derived from the pressure-strain behavior of the midanterior free wall region, while the reference dimensions have been chosen so that the model also describes the pressure-volume relation of the entire ventricle. The ratio R\/R2 = 0.671 gave the best fit to the relative volumes with a mean absolute error in the predicted volumes of 1.3 percent. This ratio agrees exceptionally well with the data from five diastolic canine hearts of Streeter and Hanna [26] who reported mean equatorial radii with a ratio of 0.672. The quantity r2/R-i was then determined at each volume from the experimentally measured circumferential strain £ee. In Table 1 , the kinematic parameter's r^/R-i, $R-i, 7 and r2/K2 are listed at each of the five relative volumes, together with the corresponding left ventricular pressures that were reported [13] .
Experimental measurements of the "opening angle" following radial resection of circumferential slices from the equatorial region of isolated, potassium-arrested rat hearts are the only quantitative data describing the left ventricular stress-free state [12] . For a 50 deg opening angle typical of the rat left ventricle, the kinematic parameter a is 1.161. However, since these observations were made from photographs in the circumferential plane, the axial stretch ratio e1 and warping parameter y were not measured. For arteries, Choung and Fung [23] calculated the radii in the stress-free configuration from measurements of the perimeters at the inner and outer surfaces. They assumed that the axial thickness of the section remained constant, and they did not consider warping. We, however, computed the radii, axial stretch ratio and warping parameter corresponding to the absence of an inner pressure, a resultant torsional moment and a net axial force in the unloaded configuration. Therefore, the dimensions of the reference sector for a given opening angle were determined only after specifying the model material properties and obtaining an equilibrium solution.
Three-dimensional transmural strain measurements in the beating heart indicate that substantial transverse shears occur during systole [20] . Hence, one might expect that EKe and ERZ would be non-zero during passive filling. However, measurements of these strains have not yet been reported. Therefore, while these shear strains and the corresponding shear stresses are included in the general model, we assume for the purposes of solution that they are zero. Hence, from Appendix A (equations (Ale/), (Al/)) the transverse shear stresses become zero and the equilibrium equations (I9b,c) are satisfied trivially. Because the measured strain data used to validate the model were from isolated hearts with the right ventricle vented to atmosphere [13] , the stress boundary conditions were defined by the measured left ventricular pressures applied at the endocardium alone.
Isotropic Material Models. First, the special case of the constitutive law in which the material properties were isotropic and therefore independent of fiber orientation was considered. Then, there were only two non-zero material parameters in equation (13), C and b\, and the exponent became Q = 2ft, , (ERR + EBB + EZZ). These parameters were optimized using an unconstrained nonlinear least squares algorithm (NAG Subroutine E04FDF [25] ) so that the model fitted the experimentally observed pressure-volume relation for the case of inflation, stretch and twist with no residual stress. Estimates of the variances of the estimated coefficients were determined from the diagonal terms of the covariance matrix (NAG Subroutine E04YCF [25] ). Using the kinematic parameters from Table 1 with a = 1 , we found that the material parameters C = 0.765 kPaandi^ =4.24 produced predicted cavity pressures that were closest to the experimental results (SD = 0.030 kPa) at the five ventricular volumes reported.
The effect of increasing twist on the transmural distribution of circumferential stress is demonstrated in Fig. 3 for the isotropic materials model. Here, the torsion parameter /3 was varied between zero and -18 deg of twist per unit nondimensionalized (by #2) undeformed length, while the pressure load and stretch of the cylinder were maintained at 1.672 kPa and 11.1 percent, respectively. In each case, the deformed radii were corrected so that the pressure was constant regardless of the prescribed torsion. Thus, the relative volume changes decreased somewhat from 175 percent as the twist was increased. Table 1 for kinematic parameters). The torsional moment is normalized by the absolute value of that for the isotropic model. A zero fiber angle corresponds to the circumferential axis. A stiffness ratio of one corresponds to isotropy. A nonzero warping parameter was required so that the unloaded configuration of the anisotropic models could be maintained without applying a resultant torsional moment.
deg per unit length). Furthermore, equal increments of twist resulted in greater and greater decreases in the endocardia! stress maxima. The influence of residual stress on the transmural distribution of circumferential stress is shown in Fig. 4 for the isotropic material model at 175 percent volume inflation, axial stretch of 11.1 percent and twist of -2.25 deg per unit length. Here, the residual stress was increased by increasing the initial opening angle from 0 to 90 deg. The isotropic material parameters were adjusted so that the model comparisons were made for matching pressure-volume curves at each opening angle, and are listed in Table 2 . Compressive residual stress at the endocardium increased with opening angle and hence decreased the tensile endocardial circumferential stress present during filling (by approximately 50 percent for an opening angle of 90 deg). The transmural profiles of residual stress in an isotropic model of the unloaded LV are shown in Fig. 5 for a 50 deg opening angle (a = 1.161, C = 0.721 kPa, bi = 4.52). In this case, circumferential and longitudinal stresses were small near midwall, increasingly compressive toward the endocardium and increasingly tensile approaching the epicardium.
Aeolotropic Material Models.
Although the isotropic models with various twists and opening angles could all be matched to the observed pressure-volume and strain data, none of them would twist and stretch the prescribed amount under pressure loading alone. A net axial force and torsional moment . 6 legend) and transmural fiber angle distribution on the applied net axial force (difference between the resultant force due to axial stress in the wall and that resulting from the cavity pressure acting on the closed ends of the cylinder) required to produce the experimentally observed stretch. Relative left ventricular cavity volume 175 percent; opening angle 50 deg (see Table 1 for kinematic parameters). The net axial force is normalized by the isotropic model value.
were required to maintain the deformation (see equations (23) and (24)). Therefore, the effect of anisotropy and transmural fiber angle distribution on the magnitudes of the torsional moment and net axial force accompanying these prescribed deformations was examined. The simplest type of material symmetry that will allow a difference in fiber and cross-fiber properties as has been observed experimentally [10] is that of transverse isotropy [27] . On structural grounds [28] , the preferred axis of material symmetry was chosen to be the local muscle fiber direction. The elastic stiffness along the fiber axis or in the transverse plane was increased independently by increasing either bi or 63, respectively, from zero with C and b\d sotropy was characterized by the ratio of material stiffness in the fiber direction dTff/d\o stiffness in directions transverse to the fibers dTcc/d\t to a plane equibiaxial extension X (see Appendix 2) .
The effect of varying the fiber-to-transverse stiffness ratio over a wide range on the magnitude of the torsional moment (equation (24)) required to produce the observed epicardial shear strain is shown in Fig. 6 for five different fiber angle distributions and an opening angle of 50 deg. Here, the torsional moment is normalized by the absolute value for the isotropic model. These results indicate that the torsional moment is reduced to zero by increasing the fiber stiffness for fiber angle distributions in which the circumferential fibers are closer to the epicardium than the endocardium. Increasing the transverse stiffness reduces the torsional moment to zero for fiber angle distributions in which the circumferential fibers are shifted sufficiently toward the endocardium. For intermediate fiber angle distributions where the circumferential fibers are in the midwall, the resultant moment remains negative over a wide range of stiffness ratios.
The influence of varying the fiber-to-transverse stiffness ratio over a wide range on the magnitude of the net axial force required to produce the observed epicardial longitudinal strain is shown in Fig. 7 for four different fiber angle distributions. Here, the net axial force (equation (23)) tends to decrease monotonically with increasing stiffness ratios for most fiber angle distributions. In general, stiffness ratios corresponding to zero net axial force were greater than those yielding zero moment, but this difference was smallest for a fiber angle distribution of 75 deg (endocardium) to -45 deg (epicardium). For this fiber angle distribution the fiber-to-transverse stiffness ratio at which the applied torsional moment vanished was 2.1. The net axial force was zero when the ratio was 6.7. It is noteworthy that the mean midanterior epicardial fiber angle
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Transactions of the ASME Table 1 reported by McCulloch et al. [13] was -42±7 deg. Waldman and coworkers [29] found similar epicardial fiber orientations. In that study the transmural distributions of fiber direction were typically quite linear through 70 to 80 percent of the wall thickness plateauing in the longitudinal direction near the endocardium. Linear regressions on the fiber angle data as a function of percent depth in the anterior free wall of seven canine left ventricles yielded average slopes of 1.56±0.14 deg/ percent depth and an average epicardial intercept of -49 ± 15 deg. Finally, the more extensive measurements of Nielsen and colleagues [30] show fiber angles of -46 deg on the epicardium and 88 deg on the endocardium at exactly the same location where the experimental measurements had been made. It should be noted that in the canine anterior wall the fiber angle distribution may be quite nonsymmetric with respect to midwall [29, 30] . The effects of the transition from isotropy to anisotropy on transmural stress profiles at a relative volume of 175 percent (Table 1) are shown in Figs. 8 to 10 . Here, the fiber-to-transverse stiffness ratio has been increased from 1.0 (isotropy) to 6-7. Figure 8 shows the transmural profile of shear stress Tez, which determines the torsional moment (equation (24)). Notice how the shear stress changes sign near the point where the fibers are circumferential. The axial force (equation (22)) is determined by the transmural distribution of longitudinal stress Plotted in Fig. 9 . Although the longitudinal stress falls off monotonically as a function of radius in the isotropic case, increasing stiffness ratios are accompanied by decreasing stress minima occurring near the circumferential fibers. Figure 10 shows how increasing the fiber-to-transverse stiffness ratio reduces the endocardial peak in circumferential stress and increases the subepicardial values. Similar to the longitudinal stress, circumferential stress falls off monotonically with radius in the isotropic case, but with increasing stiffness ratio these profiles become non-monotonic with stress peaks occurring near the circumferential fibers. The large reduction in endocardial circumferential stress with an increase in the stiffness ratio is due to the more longitudinal orientation of muscle fibers there.
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Parameter Estimation. The results in Figs. 6 and 7 show that the fiber stiffness must be greater than the transverse stiffness to minimize both the applied force and moment required to cause the measured epicardial strains. Therefore, with b} = 0 optimal estimates for C, b\ bi, and b4 (bt changes the modulus of shear in planes parallel to the fiber axis of the material) were sought. Simultaneously, we minimized the sums of the squares of the resultant torsional moments, the net axial forces, and the differences between experimental and modelpredicted cavity pressures for the measured deformations at all five left ventricular volumes shown in Table 1 . It is preferable for the objective functions (squared pressure differences, moments and forces) to be of the order of unity in the region of the optimal solution [31] . First, the optimization was performed without scaling of objective functions. Then, the optimization was repeated with each function scaled by the mean values from the previous solution. When the scaling factors had converged, the optimal estimates for the material parameters were independent of the initial estimate, indicating that the global minimum has been obtained. The variances of the optimal coefficients were also determined. Table 3 shows the effect of varying the fiber angle distribution on the optimal parameters assuming a 50 deg opening angle. Corresponding values from the isotropic material model are included for comparison. The predicted fiber-to-transverse stiffness ratio varied from 2.82 to 6.62 for the three fiber angle distributions. The minimized pressure differences and resultants, and the confidence intervals for the material parameter estimates are shown also in Table 3 . Comparing these for the three fiber angle distributions shows that the parameter estimates were best when the fiber angle varied from 75 deg at the endocardium to -45 deg at the epicardium, which is consistent with the results shown in Figs. 6 and 7. The estimates of C, b{ and b2 were not over-sensitive to fiber angle distribution in the range studied, and in all cases the standard deviation about the predicted parameter was less than 7 percent. However, the shear parameter i>4 was poorly determined and highly sensitive to fiber angle. In one instance, it was negative, which is physically unacceptable. ( "| ,X2,X3,X4 ) = (C,b|,b2,bj| where t(/3,2in) is the 1000/2 percentage point of the t-distribution with n degrees of freedom (3 for isotropy; 11 for anisotropy). "'Note that a negative predicted parameter is not physically acceptable. lrf)Note that only C and b, were optimized by minimizing pressure differences. The effect of varying the opening angle on the predicted parameters using a fiber angle distribution of 75 deg (endocardium) to -45 deg (epicardium) is shown in Table 4 . The optimal estimates for the parameters of C and b2 decreased while those for b\d bt increased as the opening angle was reduced from 50 deg to zero. The fiber-to-transverse stiffness ratio only varied from 2.41 to 3.29 for the model materials with opening angles of zero and 50 deg, respectively. Again 64 was the parameter most sensitive to changes in the model assumptions.
The minimized torsional moment and net axial force for a fiber angle distribution of 75 deg (endocardium) to -45 deg (epicardium) were 8.4 and 13.9 percent, respectively, of those in the isotropic model, but they were not exactly zero (Table  3) . Therefore, using these optimized anisotropic material parameters and the exact stress boundary conditions, the equations of equilibrium (equations (21), (23) and (24)) were solved with the displacements (inflation, stretch and twist) as the unknowns. In Fig. 11 , the predicted epicardial major and minor principal extensions and principal directions of the major stretch are compared with the experimental measurements [13] in the isolated potassium-arrested dog heart for cavity pressures ranging from zero to 2.0 kPa. All the principal extensions and principal directions were within or extremely close to one standard error (= SD/Vn) of the experimental measurements at, all loads. The left ventricular volumes predicted from prescribed pressure loading were all within 1.3 percent (0.5 ml) of the measured values.
With the optimal material parameters given in Table 4 for a 50 deg opening angle, the transmural profiles of fiber strain were computed by allowing the model to equilibrate with the full range of cavity pressures alone as described above. In Fig.  12 , the predicted fiber strain profiles are compared with transmural sarcomere length distributions computed from experimental measurements by Grimm and coworkers [32] in the cadmium-arrested rat heart. Both the model predictions and the experimental measurements are non-monotonic with fiber strains peaking in the outer half of the wall at all ventricular pressures. This was observed also in the one adult dog studied by Grimm and co-workers. Note their close agreement at the highest load.
The profiles of stress referred to fiber coordinates as predicted with the same model for a cavity pressure of 1.67 kPa are shown in Fig. 13 . Again the fiber stresses are non-monotonic with a slight peak in the outer half of the wall. Cross- 
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Transactions of the ASME fiber stress is uniform and the in-plane shear stress referred to fiber coordinates changes sign near mid-wall as was seen for the anisotropic models in Fig. 8 . If residual stress were not taken into account, the fiber stress and strain distributions predicted with the model were similar to those in Figs. 12 and 13 except that the peaks were shifted toward midwall.
Discussion
Myocardial strain distributions in the intact left ventricle have been determined by measuring the displacements of closely spaced markers [20, 29, 33] or length transducers [34, 35] implanted in the ventricular wall, but the direct measurement of local forces or stresses in the intact heart wall has not been reliable [9, 36] . An alternative approach to determine ventricular wall stress is mathematical modeling based on the conservation laws of continuum mechanics [37] . However, the task of realistically modeling the complex three-dimensional geometry and fiber architecture, the large deformations and the nonlinear, anisotropic, time-dependent material properties of even the left ventricle alone is extremely difficult. Therefore, most continuum mechanics models of the heart have been restricted to the passive left ventricle and have relied either on simplified geometric representations, such as cylinders [2, 14, 15, 17] or spheres [38] [39] [40] , or on linear approximations to the governing equations [41, 42] . If all that is required of a model is that it reproduces global pressure-volume relationships, then mathematical sophistication is not required [37] . Even linear models based on cylindrical or spherical approximations are able to reproduce the diastolic filling curve to within 20 percent [43] . However, the importance of accounting for the large deformations of the passive left ventricle when predicting stress distributions has been demonstrated with finite element models [43] and is supported by experimental measurements of mypcardial fiber stretches that may exceed 20 percent at physiological filling pressures. Moreover, no theoretical model has been validated independently by comparing predicted strain distributions with regional deformations measured in an appropriate intact experimental preparation. Other factors that have not been investigated fully in the stress analysis of the passive left ventricle include the influence of fiber architecture and the effects of residual stresses in the unloaded ventricle [12] .
Both uniaxial and biaxial material testing of myocardium nave been performed in vitro and used to propose stress-strain Delations for passive myocardium [10, [44] [45] [46] [47] [48] , but the appl-'cability of these studies to the intact heart is not known. Moreover, passive material properties determined from pressure-volume data [38] [39] [40] are insensitive to regional variations
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The model matches both the observed pressure-volume relation and the measured two-dimensional finite strains occurring on the epicardium under physiologic loading. In addition, the left ventricle is modeled as a three-dimensional anisotropic material while avoiding the assumptions associated with nested membranes or thick-shell theories.
The helical fibrous structure of the ventricular myocardium has long been recognized by anatomists, but it is only in relatively recent times that improved histological techniques have helped to replace the traditional concept of discrete muscle bundles with the current descriptions of a smoothly continuous transmural variation in myofiber orientation [49] . The significance of this fiber arrangement to the mechanics of the actively contracting heart has been discussed at length and studied using axisymmetric geometric models with embedded fibers [16, 50] . In contrast, the potential influence of the fiber architecture on the mechanics of the diastolic heart has received less attention, and most models of the passive left ventricle have assumed isotropic material properties, which are independent of fiber direction. However, there is now considerable evidence that the passive myocardium is anisotropic with respect to its local fiber axis. Ultrastructural studies of myocardium indicate an extensive collagen skeleton that appears to tether adjoining fibers in the transverse plane [51, 52] , These observations have motivated the use of a transversely isotropic constitutive equation based either on a microstructural [48] or phenomenological [27] model. The effect of interrupting these transverse links when performing isolated muscle tests is not known.
Indirect evidence of anisotropy in the passive myocardium also comes from experimental studies of ventricular deformations. In the isolated potassium-arrested dog heart, McCulloch and coworkers [13] found that the principal direction of major epicardial stretch during passive left ventricular filling consistently coincided with the local fiber direction and not with either of the principal geometric axes. Moreover, the twist of the ventricle about the longitudinal axis was consistent with the preferential extension of the epicardial fiber helix during passive filling. Based on these findings, the authors suggested that, on the epicardium, the passive cardiac muscle is anisotropic, possibly with greatest compliance in the fiber direction. Alternatively, they speculated, these observations might be explained if the passive myocardium is stiffer in the fiber direction at all depths with endocardial fibers dominating the epicardial shear associated with diastolic torsion. The results of the current models support the latter explanation. Because the end-diastolic fiber strain determines systolic function, accounting for this anisotropy will be essential for an accurate assessment of the mechanics of the beating heart.
Another important difficulty that has not been addressed in previous models of ventricular mechanics is the stress-free state of the passive myocardium. To date, it has been assumed that when the transmural pressure gradient is zero, the intact ventricular wall is stress-free. However, recently it has been shown that the unloaded left ventricle is not stress-free. Omens and Fung [12] have demonstrated that when a cross-sectional ring of the freshly-excised potassium-arrested rat heart is cut radially, it springs open to form an arc. The 'residual' strains that they measured were generally consistent with a bending deformation required to restore the ring to its intact shape. The corresponding residual stresses in the unloaded left ventricle have not been included in previous models. However, new measurements should be performed in the canine ventricle to corroborate residual strains observed in the rat and rabbit, and to quantify any differences in the larger ventricle. If possible, it would be useful to measure passive loading strains and residual strains in the same hearts. Although these data are not yet available, our analysis shows that, while the effect of the assumed opening angle on predicted circumferential stresses was significant, the basic conclusions of the parameter optimizations were not overly sensitive to this variable.
In our approach to this parameter estimation problem, optimal estimates for parameters of an exponential strain-energy function were obtained by minimizing the sum of the squared differences between experimental and predicted cavity pressures, torsional moments and net axial forces for prescribed displacements that gave rise exactly to experimentally measured epicardial strains. To verify that a global minimum has been obtained, the optimization was repeated for a wide range of initial parameter values. Alsp, variances for each parameter were determined. An alternative approach would be to prescribe strains. In general, however, for particular values of surface tractions and a given strain-energy function, a solution to the equilibrium equations may not exist or be unique [24] . Nevertheless, with our optimal material parameters, the equilibrium equations were solved for the unknown displacements subject to the known ventricular pressures and resultants, and solutions were obtained which agreed with experimental measurements of epicardial strain and transmural sarcomere lengths to well within experimental accuracy.
Humphrey and Yin [47] have fitted transversely isotropic exponential strain-energy functions directly to data from equibiaxial tests of isolated slices of passive canine myocardium [10] . Stresses predicted using their mean parameters were compared with those predicted using our optimal parameters in the case of equibiaxial stretch. For equibiaxial extension ratios from 1.01 to 1.09, the material model of Humphrey and Yin [47] predicts a ratio of fiber stress to cross-fiber stress that remains relatively constant varying from 3.0 to 2.8. Using our optimal parameters, the ratios are slightly lower varying from 2.1 to 2.4. However, the magnitudes of fiber stresses predicted by Humphrey and Yin's law are 3.5 to 4.3 times those found currently. This comparison suggests that whereas the predicted anisotropy of the myocardium is very similar in each study, the constitutive law based on the isolated tissue experiments [10] would significantly underestimate global ventricular compliance. It is possible that this discrepancy is due to contracture of the isolated muscle specimens. Moreover, the damaging effects of resecting and tethering the specimens are unknown.
Our constitutive law contained five parameters of which only four were optimized since either b2 or b3 was zero. Alternatively, one could set b, = 0. The resulting transversely isotropic strain-energy function has the advantage that it can be inverted numerically to uniquely express strains as a function of stress components [54] and the hydrostatic pressure is zero in the stress-free state. Therefore, the optimization was repeated with bl=0 and C, b2, b^, and i>4 unknown; and, again, material parameters were found that were globally optimal. The corresponding fiber-to-transverse stiffness ratio predicted with these parameters was 3.29, identical to that found when the isotropic term was a linear function of strain components. These results suggest that the alternative quadratic form may be equally suitable.
The myocardium like all soft tissues is mostly water. Therefore, without perfusion it has been found to be close to incompressible [22] . By enforcing the kinematic incompressibility constraint in our model, the contribution of fluid to the model material properties is introduced via the hydrostatic pressure variable p. In the living tissue, fluid shifts due to coronary perfusion or edema may occur. The experimental strains used currently were measured in unperfused isolated hearts. It has been shown that increased coronary artery pressure increases the slope of the diastolic pressure-volume relation. How the effect of fluid in myocardium should be modeled remains unclear but single and multiple compartment models have been proposed by Bogen [55, 56] .
The predictions of the cylindrical model are based only on two-dimensional epicardial strain measurements. Three-dimensional transmural strain measurements in the beating heart indicate that substantial transverse shears often accompany normal strains during systole, and that systolic strains tend to increase with depth beneath the epicardium [20, 29] . However, correlation of the model with three-dimensional strain data will require new measurements (currently being undertaken in our laboratory) in the diastolic or arrested heart under appropriate loading conditions. Moreover, in a cylindrical model, external surface tractions are required to produce such transverse shears. But these tractions are not realistic because the transverse shears may arise from the doubly-curved geometry of the left ventricle. Other three-dimensional effects that cannot be incorporated in the current model include circumferential and longitudinal variations in stress and strain. These effects result from factors such as ventricular interactions, the boundary constraint due to the tethering of myocardium to the valve rings, the base-to-apex variation of curvature, and the nonaxisymmetric geometry. Consideration of these additional complexities requires a detailed finite element analysis of ventricular mechanics currently underway in our laboratory. Several studies that have accounted for transmural fiber angle variations have assumed a cubic variation apparently on the strength of Fig. 4 in Streeter et al. [49] where fiber angles tended to change most rapidly at the endo-and epicardium and were more uniform near the midwall. However, the mean distributions reported in the same article (Fig. 5) show much less nonlinearity. Nielsen and coworkers [30] have recently made much more extensive measurements in isolated hearts fixed under the same conditions as the hearts from McCulloch and colleagues [13] , whose deformation data were used in our model. Their findings show a more complex fiber angle distribution that even peaks and reverses near the subendocardium. Significant regional variations were also found. For these reasons any single higher order polynomial description of fiber angle is difficult to justify statistically. Moreover, a careful examination of numerous fiber angle measurements [29, 30, 49] indicates that the distributions are often nonsymmetric with respect to midwall. As indicated by the current results, these nonsymmetric distributions seem to have certain advantages, e.g., the resultant torsional moment is nonzero over a wide range of fiber-to-transverse stiffness ratios for a symmetric (albeit linear) distribution (see Fig. 6 : 60 to -60 deg curve). On the other hand, for many of the nonsymmetric distributions, the moment is zero at reasonable values of the stiffness ratio (Fig. 6 : 75 to -45 deg curve and 90 to -30 deg curve). It is important to recognize that the computed stress profiles can be quite sensitive to the local fiber orientation. In addition, the presence of any transmural or regional variation in material properties also could significantly change the computed stresses. Thus, the assumption of material homogeneity common to this study and virtually all others means that the material parameters must be considered "effective moduli." In the future it would be relatively easy in the simplified geometries to demonstrate the influence of transmural fiber distributions that are both nonlinear and nonsymmetric and transmural variations in material properties, but studying the influence of regional variations in fiber architecture and material heterogeneity in a more realistic three-dimensional geometry is a much more difficult task.
Very recently, Humphrey and Yin [17] proposed a cylindrical model of the equatorial region of a passive left ventricle not in an effort to determine material properties, but to estimate the transmural distributions of stress and strain in this region. Analogous to our approach, they prescribed displacements determined from experimental strain data. Their analysis serves as an important contribution to cardiac mechanics because they accounted for the local transverse stiffness of the myocardium and for the potential influence of transverse shearing stresses and strains. However, they employed only one time series of strains referred to end-diastole from the study of Waldman and coworkers [20] at one transmural location in a single beating open-chested canine heart. These measurements are less suitable for our purposes than those of McCulloch and coworkers [13] for a number of reasons: the boundary and loading conditions are less accurately defined in the in-vivo preparation, e.g., the right ventricle was vented to atmosphere in the isolated heart; the ventricular volumes were not measured in the beating heart preparation; the extent to which the diastolic filling left ventricle can be considered passive is uncertain; the dynamic effects of diastolic filling were minimized in the isolated preparation by static loading; the isolated heart was unperfused, whereas coronary blood flow varies continuously throughout the cardiac cycle in vivo; and the measurement error in strain was considerably lower in the isolated heart. Moreover, in the study of Humphrey and Yin, residual stress was not taken into account and the undeformed radii were determined from a different experimental study.
In contrast to our model, their prescribed model displacements produced in-plane shear strains that were positive throughout the wall. It is possible that their reanalysis of the systolic strain measurements of Waldman and coworkers [20] was incorrect. When we recomputed strains during diastole using the original three-dimensional coordinates of the myocardial markers both the in-plane torsional shear and transverse axial shear were negative, not positive as they found. The negative torsional shear is in agreement with the measurements [13] with which our analysis was correlated. These negative shears have an influence on the stress profiles that is profoundly different from positive shears, i.e., they result in stress profiles that tend to be much more uniform without the endocardia! stress concentrations often found in pressure vessel studies. In fact, in the vast majority of pressure vessel analyses including fluid-fiber cylindrical models [2, 14, 15, 17] , circumferential or fiber stress maxima occur at or near the inner wall. While the presence of torsion [16, 53] has been shown to reduce large endocardial stress gradients in the systolic left ventricle and residual stress reduces these gradients at the inner wall of arteries [23] , the current results indicate that torsion, residual stress and material anisotropy associated with the fiber architecture all can act to reduce endocardial stress gradients in the passive left ventricle. As a result, stress and strain components may vary non-monotonically with radius. In particular, subendocardial concentrations of circumferential and fiber stresses may be unrealistic; these stress profiles may be more uniform or have maxima in the outer half of the ventricular wall.
Although the assumption of a cylindrical model is an oversimplification of the complex three-dimensional geometry of the left ventricle, it may be a reasonable approximation of the equatorial region. If so, it allows us to account for many of the other complex features of ventricular mechanics without the use of sophisticated computational techniques such as finite element analysis. Moreover, until the utility of simpler models is fully exploited and more experimental data are obtained, a three-dimensional finite element analysis would be premature. Among the features incorporated in the current model of the passive left ventricle are its nonlinear, anisotropic material properties, fiber architecture, and large deformations including the influence of torsion and residual stress as the ventricle inflates and lengthens. Thus, the current analysis can be used as a check for future finite element approximations. Moreover, the optimized parameters in the constitutive equation provide an initial estimate when a similar approach is applied with a more realistic geometry using the finite element method.
